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Abstract 

It  Is  shown  how  the  Kohn-Hulthen  variational  procedure  may  be 
used  to  approximate  both  the  scattering  operator  and  the  reactance  operator 
in  terms  of  an  abstract  formalism.  The  procedure  for  obtaining  these 
operators  is  then  given  explicitly  for  the  radial  equation  {jt  ■  0),  and 
one-  and  three-dimensional  scattering  problems,  and  the  problem  of  the 
scattering  of  an  electron  by  a  heavy  atom* 
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1.   Introduction 

TbB   Kohn-Hulthen  variational  principle  has  previously  been  sot  up  for  deter- 
Bining  the  phase  of  the  solution  of  the  radial  equation  and  for  determining  the 
amplitude  of  the  scattered  wave  in  the  three-disaensional  scatteiring  problem 
(Kohn*-  -').  Later  the  Kohn-Hulthan  variational  procedure  for  obtaining  the 
scattering  operator  was  derived  as  a  generalisation  of  the  latter  procedure 
(Moses*-  -')•  In  the  present  paper  ve  shall  introduce  the  variational  procedure 
for  the  reactance  operator  (cf«  Lippmann  and  Schwlnger^  -i).  The   advantage  of 
such  a  procedure  is  that  a  reactance  operator  so  calculated,  even  though  approxi- 
■ate,  will  be  &nnitian  for  any  trial  function.  Hence  the  scattering  operator 
which  will  be  calculated  through  the  use  of  such  an  approximate  ireactance  oper- 
ator will  be  unitary* 

It  will  be  shown  that  the  variational  procedure  for  the  reactance  operator 
is  a  generalization  of  Kohn^s  procedure  for  determining  scattering  phases  from 
the  radial  equation* 

Although  the  variational  principle  for  the  scattering  operator  has  already 
been  given  in  [2],  we  shall  repeat  it  below  in  order  to  contrast  it  with  the 
variational  principle  for  the  reactance  operator* 

We  shall  prove  the  variational  principles  abstractly.  However,  to  make  them 
more  understandable,  we  shall  introduce  the  x-re presentation  in  the  next  section. 

We  shall  then  illustrate  these  variational  principles  in  terms  of  the  radial 
equation  corresponding  to  zero  angular  momentum,  the  one-dimensional  scattering 
problem,  the  three-dimensional  scattering  problem,  and  the  problem  of  the  scatter- 
ing of  the  electron  by  an  atom.  Because  of  the  possible  utility  of  the  examples, 
we  shall  present  them  before  giving  the  proof  of  the  variational  character  of  the 
principles.  In  the  special  cases  below  the  examples  can  also  be  proved  directly 
by  the  method  of  integrating  by  parts  and  using  asymptotic  forms  in  the  manner 
of  [1]. 
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2.   The  jc^representation 

Let  H  be  a  Hamiltonian  which  has  a  purely  continuous  spectrum  extending  from 
o 

Eoroe  finite  lower  limit  to  infinity.  LetH-H^  +  Vb«a  Hamiltonian  which  has 
the  same  continuous  spectrum  as  H  and  possible  point  eigenvalv^es  below  the  con- 
tinuous spectrum.  Further,  let  us  denote  by  |E,a  >  the  eigenstate  of  H  corres- 
ponding to  the  eigenvalue  E.  These  eigenstates  are  to  satisfy  the  normalization 
requirement  <  E,a|E  ,a  >  «  5(E-E  )5  ,.  The  variable  a  describes  the  degeneracy. 
Similarly,  let  |E,a  >  be  an  eigenstate  of  H  corresponding  to  the  eigenvalues  E  of 
the  continuous  spectrum.  The  eigenvectors  |E,  a  >  are  not  unique.  Three  separate 
sets  will  interest  us.  They  are  the  »'  outgoing  eigenfunctiona "  ,  denoted  ly  jE,a  >_  , 
the  "incoming  eigenf\inction8 "  |E,a  >  ,  and  the  "  standing  wave  eigenfunctions • 
|E,a  >  •  (In  the  more  conventional  notation  the  outgoing  eigenfunctions  are  de- 
noted by  a  plus  subscript  and  the  incoming  ones  by  a  minus  subscript.  We  reverse 
the  subscripts  to  indicate  that  |E,a  >  and  |E,a  >  can  be  considered  to  have  been 
obtained  from  a  time-dependent  procedure  with  initial  conditions  at  t  •  -oo  or 
final  conditions  at  t  ■  +00  respectively.) 

It  will  also  be  convenient  to  introduce  to  the  symbols  l^{x\E,ai),   f^(5|E,a), 
T^(x|E,a),  1   (3c|E,a),  for  <  x|E,a  >  ,  <  xlE,a  >  ,  <  x|E,a  >  respectively.  By 
virtue  of  the  normalization  conditions  of  |E,a>  we  have 


/ 


T*(x|E,a)T  (x|E',8')dx     -     5(E-e')6^^, 


The  aigenstates   |E,a  >    and   |E,a  >    are  characterized  by  the  following  integral 
equations : 

(2.1)  Tjx!E,a)  -  T^(x|E,a)  ♦     j     Q^'^^xlx' )V(x')  T^(x' |E,a)  dx' 

(2.2)  Vx|E,a)  .  yx|E,a)  +     (    G^^xlx')V(x')  T.(x' |E,a)  dx* 

(2.3)  V5lE»*>  ■  V5lE**)  *    J     ^l  ^5l5'>V(x')  Tg(x'|E,a)d5', 
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out   in 
where  0_  ,  Q„     are  the  usual  outgoing  and  incoaing  Green 'b  functions  with  respect 


to  H^.and 
o' 


"e'JI*"'   ■   '^  ^\\i  >  *  i\\i  ^ 


It  is  to  be  noted  that  g'(x|x')  is  Hermitian,  i.e.,  oJ(x|x')  -  gJ(x' |x)*. 
Explicitly 

(2.Ua)         Q°"*(x|x')  -    (   I  T*(x|E',a')Y.(E-E')T^(x'|E',a')dE'da\ 


(2.Ub)         Qp^xlx*)     -     I    j  T*(x|E*,a')r^(E-E')Y^(x'|E',a')dE'da', 


(2.UC)         0*(x|x')     -     I    I  T*(x|E',a')  -L^T^(x'|E',a')dE'da', 


where 

(2.Ud)  Y^(x)     -     ±  in  5(x)  ♦  I    .     lia  -|r- 

and  the  STubol  P  means  that  in  integrations,  the  Cauchy  principal  part  of  the 
integral  is  to  be  taken*  The  scattering  operator  S  and  its  inverse  S~  as  given 
in  the  E  -representation  has  the  foz« 

^<  E,a|S|E',a'  >  -  6(E-e')    [c^,   -  2i,i  ^  E,a|T.|E,a'>  J, 
(2.5) 


< 
o 


E,a|S-^|E',«'  >  -  6(E-e')[6^^,  ♦  2id  ^^<  E,a|T^|E,a'  >J 
where  6     ,  is  a  suitably  generalized  6- function  and  T     are  operators  given  by 


«     •  .   .   '     ♦ 


I     • 


(2.6)  ^<  E,a|T^|E  ,*    >    •     o<  E,a|V|E  ,a    > 

T*(x|E,a)  V(x)  Y^(x|E-,a)dx  . 
The  quantity    <  E,a|T   |E,a'  >  is  essentially  the  amplitude  of  the  scattered 


wave 


-  u  - 

In  the  do»ain  where  V(x)  is  snail  when  the  appropriate  coordinate  in  T  (5|E,a) 
is  taken  to  be  infinity. 

We  define  the  reactance  operator  K  in  the  customary  va^  by 

f-1 


(2,7)  S    -     jl  -  inK   I    fl  ♦  inK  1 


K  can  be  shown  to  be  Hemitian.     In  terns  of  the  R    represent  at  ion»  K  is  given  by 
(2.8)  ^<  E,a(K|B',a'  >     -     6(E-e')  ^<  E,a|T,|E,a'  >  , 


irtiere 

(2.9)  ^<  E,a|T,|E',a'  >  -  ^<  E,a|V|E',a'  >  -  j  T*(x|E,a)V(x)Tg(x|E',a')dx  ♦ 
FTOB  (2.5)  and  (2.7)  it  can  be  shown  that 

(2.10)  ^<  E,a|T^|E,a'  >  -  2"  ^"^  E.alTgjEja"  >  <  E^u"   |C|E,a'  >, 

a" 

where  <  E,a|C|B,a'>  is  the  inverse  of  6  ,  ♦  iw  ^<  E,a|TgjE,a  >   insofar 


as 


t 
these  quantities  are  natrices  (or  integral  operators)  in  the  variables  a,  a  } 

that  is, 

Y^    o<  E,alC|E,a">  [s.,,  ^i  ♦  i«  o<  E,a"  (T,|E,a'>] 

(2.11)  --  r  i    »     "   T        " .  .     • 

■I^  [faa-*  ^»o<^**<%'^'«  %y^*^     l°i^'*  %    "  ^a'  • 

The  quantity  <  E,a|T  |E,a  ^v*n  be  shown  to  be  the  amplitude  of  scattered 

waves  in  the  asysptotie  form  of  T  (z|E,a)* 

There  are  two  variational  principles  of  the  Kohn-Hulthen  type.  One 

is  used  to  approximate    <  E,a|T   |E,a  >    directly*    The  second  is  used  to 

approximate  <  E,a|T  |E,a'>j^fi:om  which  ^<  E,a|I_|E,a  >^  can  be  obtained  by 

means  of  (2.10)  and  (2.11).  The  advantage  of  the  latter  procedure  is  that  thf 

scattering  iwtrix  so  obtained  will  be  unitary  becmise  the  approximate  elements 
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<  E,a|T    |E,a    >    will  correspond  to  a  Hermitian  reactance  operator  for  any 
trial  function.     However,  it  should  be  noted  that  to  solve   (2.11)  for 

<  E,a|C|E,a    >     is,  in  general,  difficvilt  if  the  degeneracy  variables  can 
take  on  an  infinite  nunber  of  values* 

In  the  case  of  the  variational  principle  for    <  £,a|T   |E,a  >  ,  we  have 
generally 


< 
o 


E,a|T_|E,a'  >     -     lim  T*^(i|E+v,a) |  H^  -  E  1  ¥_^(x|E,a')dx 


(2.12) 

In  (2.12),  H^  represents  the  total  Haniltonlan  as  given  in  the  x-representation, 
and  the  quantity    <  E,a|T  A^t*    >    i»  «   "trial  function"    which  approxiaates 
<  E,a|T_|E,a    3^^    •     Furthermore,  T  .  (x|E,a)  is  a  function  irtiich  approxiiaatee 
the  exact  eigenf unction  T^(3^|E,a):  T  .  (x|E,a)  is  required  to  have  the  sane 
asymptotic  form  as  T^(x|E,a),  except  that  the  amplitude  of  the  scattered  wave 
^<  E,a|T^|E,a    >^   is  replaced  by  ^<  E,a|T_^|E,a    3^    ,     Likewise  T  .  (x|E,a)  approxi- 
mates the  exact  eigenfunction  T  (x|E,a)  and  satisfies  the  same  type  of  asymptotic 
boundary  condition,  except  that  the  exact  amplitude    <  E,a|T    |E,a    >    is  replaced 
by  the  trial  amplitude    <  E,ajT  i|E,a    >     • 

The  limit     lim    is  introduced  to  prevent  an  ambiguity  in  the  definition  of 
v-i»0 
the  integral.    This  point  is  discussed  more  fully  in    Q2], 

The  variational  principle  (2,12)  can  be  written  in  another  form.     The 

boundary  conditions  on  T  .  (x|E,a)  imply  that  there  exist     functions  <^  .  (x|E,a) 

which  satisfy 

(2.13)         T^t(5lE,a)  -  Tjx|E,a)  .  j  4^*(x|x')  <?^^(xV,*)  dj'. 

In  fact,  one  may  regard  j8  .  (x|E,a)  as  the  true  trial  functions.  Then  T  .  (^|E,a) 
will  automatically  satisfy  the  boundary  conditions,  pz*ovid0d  one  picks 
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<  E,a|T  ^ |Eja    >    to  be  the  amplitude  of  the  scattered  wave  associated  with 
T  .  (x|E,a),    We  can  express  the  variational  principle  in  terms  of  essentially 
arbitrary  (jl  .(x|E,a)  without  indicating  boundary  conditions; 

^<  E,a|T^|E,a'  >,     -  j  T*(x|E,a)V(x)T^(E,a' )dx 

^  j\  <(5lE,am5)Gr*(^l5')V(x')ir,t(x'|E,a')dxdx' 

*  jj  <t^5lE'«^^^5)4''*(5l^'  )V(x' )T„(x'  |E,a'  )dxdx' 
-  J|9r*^(x|E,a)V(xjO°^^x|x')V(x')|2l,^(x'  |E,a')d^dx' 

<,(x|E,a)V(x)G°-^xJx;)V(x•)G-^x;  \."  ) 

V(x"  )flf  .(x"  |E,a')dxdx  dx 


(2.1U) 


JJ 


<         M 


The  foms  (2.12)  and  (2»lU)  are  entirely  equivalent.  The  form  (2.12)  has  the  dis- 
advantage that  the  trial  functions  T  .(x|E,a)  are  required  to  satisfy  restrictive 
boundary  conditions.  However,  it  has  the  advaatage  in  that  the  Green's  function 
does  not  appear  explicitly.  Conversely,  the  advantage  of  the  form  (2.11;)  Is 
that  we  may  pick  0  .(5|E,a)  in  an  essentially  arbitrary  fashion;  and,  the 
disadvantage  of  this  form  is  that  the  Green's  function  appears  explicitly  In 
the  integral. 


We  shall  now  write  the  corresponding  variational  principles  for  <  E,a|T  |E,a  >  . 
The  analogue  to  (2.12)  is 


(2.15). 


^<  E,a|T^|E,a'  >  =  lim    T^(x|E+v,a)  [h?-eJ  Tg^(x|E,a')dx  ♦  ^<  E,a|T^|E,a'  >  , 

lAere    <  E,a|T_^ lE.a    >    is  a  trial  function  for    <  E,a  T    E,a    >  .     The  function 
o'sto  0''S''0 

T     (x|E,a  )  approximates  the  function  Y  (x|E,a  )  in  the  sense  that  the  former 
satisfies  the  same  boundary  conditions  as  the  latter,  except  that  the  amplitude 
<  E,alT   IE, a    >    of  the  asymptotic  form  of  f    is  replaced  by    <  E,a|T.>.|E,a    >  • 

080  ■  O'    St '  O 


(2.16) 
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The  analogue  of  (2.1U)  Is 

<  E,a|TjE,a'  >^  S   |  T*(x|E,ajV(x)YQ(x|E,a' )dx 

T;(x|E,a)V(x)0j(x|x;)V(x')fl(^(x'|E,*')dxdx' 

gr*^(x|E,a)V(x)Gj(x|x')V(x')9fp^(x'|E,a')dxdx' 

f 
<t(x|E,a)V(x)0^(x|x')V(x')G|(x'|x"  )V(x"  )(3g^(x"|E,a' ) 


dxdx  dx 


which  i«  obtained  from  (2.15)  by  writing 

(2.16a)   T^(x|E,a)  -  T^(x|E,a)  *  J  G^(x|x')V(x')|J^^(x' |E,a)dx'. 

Equation  (2.16)  shows  that  the  approximate  value  of  <  E,a|T  |E,a  >  it 

I 

Hemitian  in  the  variables  a,  a    for  any  trial  function  T  .   that    satisfies  the 

appropriate  boundary  conditions* 

Vb  shall  now  specialise  the  results  to  the  exanples  nentioned  in  the  Intro- 
duction.    Instead  of  expressing  the  various  eigenfunctions  in  terns  of  the  energy 
eigenvalue  E  and  degeneracy  variable  a,  we  shall  express  these  eigenfunctions  in 
terns  of  the  nonentua  representation  as  is  conventional.     These  two  sets  of  eigen- 
functions differ  only  by  a  Jacobian  of  the  trans fomation  between  the  sets  of 
variables.     However,  for  consistency,  we  shall  adhere  to  our  original  definitions 
of    <  E.alT   IE, a    >     and    <  E.alT. |E,a    >     (se«  (2.6)  and  (2.9))  which  are  given 

O'i'O  O'SO 

in  terns  of  energy  eigenvalues  and  degeneracy  variables.  In  sone  cases  the 
Jacobian  of  the  transfomation  (a  known  function)  will  appear  in  a  somotrtiat 
clunsy  fom*    We  shall  oolj  indicate  the  principles  (2U12)  and  (2.15)  in  trtiich 
th«  Qre«a'8  Ametiene  do  not  appaaor  •zplieltly.     The  principles  (2. lit)  and 
(2.16)  en  bo  obtained  sisLlarlj* 
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3»   The  radial  qquatlon  for  aero  angolar  moment ua 

As  the  sole  variable  in  the  coordinate  representation  ve  take  r  in  tbs  range 
0  <  r  <  eo.  All  states  f(r}  are  to  satisfy 


(3.1) 


f(0)  -  0. 


In  particular,  the  eigenstates  of  H      and  H  must  satisfy  this  requirement.     The 
operators  H     and  H  are  given  by 


(3.2) 
(3.3) 


"'  •  -^ 


H    -    -  2_    ♦    v(r)  . 
dr^ 


The  normalized  a igenf unctions  of  H    corresponding  to  the  eigenvalue  k     ■  E  are 


(3.U) 


Tj,(r|k)     -  >/T    gin  kr,  (k  >  0). 


The  Qreen's  functions  GL  ,  0°^^  ,  of  are  given  by 

(3.5)    G°^*(r|r')  -  -  i  J  >| (r-r ' )e^'^sin  kr*  ♦  v^  (r'-r)e^^'sin  kr  I  , 


(3.6)    Gf(r|r') 


1 
iT  1 


^(r-r')e*^''sln  kr'  ♦  '^(r'-r)e'^'°^  sin  kr 


V 


>  * 


J 


(3.7)    QS(r|r') 


E' 


-  p  -J"^(r-r  )  cos  kr  sin  kr  +"^(r  -r)  cos  kr  sin  kr  V  . 


Tbs  function  )? (x)  is  the  Heaviside  step  function  defined  by 


(3.8) 


>|(x)  -  1,    X  >  0 
-  0,    X  <  0. 


The  eigenfunctlons  of  H  which  are  relevant  vtb  given  by 
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(3.9)  T^(r|k)  -/ITsin  kr  -  |  e*^*""  j  sin  icr'v(r' )T^(r' |k)dr' 


o 

.00 


-  g.  sin  kr   I     e'^^°^  V{r' )T  (r*  |k)dr'. 


r 
(3.10)        T  (r|k)     -  /T^  Bin  kr  -  i  cos  kr   (  sin  kr'v(r')T  (r'  |k)dr' 

8  R  K  f  8 


o 

-  ^  sin  kr   I  cos  kr'v(r')Tg(r' |k)dr' 


Since  there  is  no  degeneracy,  the  variable     a    will  play  no  role. 

The  quantities    <  EIT    IE    >     and    <  ElT   IE    >    can  be  obtained  from  the 

O  '    ± '  O  O  '    8  0 

asymptotic  foras  of  T  and  T  respectively.  One  can  easily  show  that 

i  8 

(3.11)  lia     Y  (rlk)  -  /^  sin  kr  -  -/^n    e'^^  ^<  E|T^|E  >    , 
r-i^oo 

(3.12)  iifli    T  (r|k)  - /T^  sin  kr  -  v^  cos  kr  Q<  E|Tg|E  >       o 
r->oo 

If  one  writes  (3.12)  in  the  form  where  the  phase  shift  appears  explicitly,  i.e., 

(3.12a)  lia      T.(r|k)  ->     A  sin  <kr  +  0), 

r-*»oo 

then  from  (3.12)     one  sees    (cf.    [3]) 

(3.12b)  A     -    /IT     (  1  +  n^  ^<E|Tg|E>^^)         '  /Y    ^°  <^' 

tan  0  -  -  n  ^<  E|Tg|E  >^    • 

The  Kohn-Hulthen  variational  principle  was  originally  set  up  for  tan  0  and 

hence  for        <  E|T  jE  >  ,     which  is  essentially  the  reactance  operator  for 
o       '   s'      o 

the  radial  equation. 
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The  variational  principle  for  the  scattering  operator  Is 
^<E|TJE>^     a!    ii«^^    1.    J  T*^  (r|k')[ll^+  V(r)  -k2jY_^(r|k)dr 

where    <  ElT  .  IE  >    is  an  appi^)xlmation  to    <  EIt  lE  >     and  T  .    are  trial  functions 
o        '   "t        o  o        '    - '       o  it 

which  have  the  asymptotic  fom  (3.11)  with    <  E|T    |E  >    replaced  by    <  EJT  .  |E  >  . 

2 

As  before,  we  take  E  ■  k  ,  k  >  0* 


The  variational  principle  for  the  reactance  operator  is 

k'->k  ""    ;     ""  '-  dr' 

(3.1U) 


^<E|T3|E>      S     11^     1      [T*^(r|k')j:  J*V(r).k2]T^,(r1k)dr 


♦o<^l^tl^"o> 

where  T^^  has  the  sane  asjrmptotic  fora  as  (3.12)  with    <  E|T   |E  >    replaced  by 
the  trial  function  ^<  ElT  . IE  >     • 

O  St  o 


U*       The  one-dlMensional  scattering  problem 

In  ' 
given  by 


In  one  dimension  the  variable  x  has  the  range  -oo<x<oo.  H  and  H  are 


(u.i)  ^o  ■  "  r? 


d 


(U.2)  H    -     -  -4r    ♦  V(x). 

dx^ 


The  eigenfunctions  of  H    are 

(U.3)  Y«(x|k)     -     ^    e^"^  (-00  <  k  <  00) 


-  n  - 

and  the  pertinent  Green's  functions  are 


(U.5)        0,^(x|x',  .  ^  .-MMIx-x  I  , 


{U.6)  0j(x|x')     -  1        sln|ltl|x-x'|   , 

In  (U.U)-(U*6),  E  is  given  by  E  -  k  .     The  appropriate  eigenfustions  of  H 
satisfy  the  integral  equations 

(U.7)  T  (x|k)  -  ^    e^*^, 

(U.8)  yx|k)  .  -i-    e^^^  *  ^    I      .'MM|x-x'|^(^.jY^(^.,,j^.^ 


'-00 
♦  00 


(U.9)  T^(x|k)  -  J^    e^^  +  ^    I      sin|k||x-x'|V(x')yx'|k)dx'. 

-00 

Ve  can  show  that    <  E,a|T   (E^a    >     is  essentially  the  amplitude  of  the  scattered 
wave  arising  in  T  (x|k)  when   |x|  -»•  oo.    We  have,  in  fact, 

(U.IO)         lim        Y  (x|k)  -  —    e^^  ±  /Tn  i  e'^'^^l  1^'  <  E,Tb|T   |E,a  > 
Ixl-^oo  *  ^ 


where 

2  k  X 

(U.lOa)  E  -  k  ,         a  -  -r^  ,  ^  *  •nTT    • 

In  (U»10)  the  top  signs  and  bottoa  signs  are  taken  together*     The  degeneracy 
variables  a,  b  can  tfauft  take  on  only  the  values  of  t  1*    It  can  also  be   ^own  that 
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-e-i|^ll^l<E,.b|T3|E,a>  L 


where  a  and  b  are  defined  in  (U.lOa). 

The  Tariational  principle  for  <  E,a|T_|E,b  >  is  then 

o<  ^»HTjE,b  >^  ^.  ^  U.^^^^     |t:,(x|k')[.  ^.  V(x)..2] 

(U.12) 

.T_^(x|k)  dx  ♦  ^<  E,a|T_^|E,b  >  , 

irtiere    <  E,a|T_.  |E,b  >     is  the  trial  function  for    <  E,a|T_|E,b  >  and 

T^.  (x|k)  and  T  .  (x|k  )  are  trial  functions  which  have  the  asyinptotic  form 

(U«10)  with  the  amplitude    <  E,a|T   |E,b  >  replaced  \3j  the  trial  amplitudes 

<  E,a|T  .  |E,b  >.     In  (U.12) 
■t 

t 

(U.l2a)  E  -  k^,  a  -  J^-  ,  b  -  ~    . 

Ik   I  Ikl 


The  variational  principle  for    <  E,a|T   |E,b  >    is 


,<  E,alTjE,b  >^   -     1      li«  C^^I'^'^F  77  *  ''^''^'''^] 

|k    |^|k|  J  -^ 


^^'^^^  '  Y^(*l»')d*  ♦  o<  E,a|T^|E,b  >  . 


Again 


t 


and    <  E,a|T_4.|E,b  >    is  a  trial  function  for    <  E,a|T. |E,b  >  .     The  functions 

O'St'O  O'S'O 

T  . (xlk)  are  chosen  so  as  to  have  the  asynptotic  form  (U*ll)  with    <  E.alT   lE.b  > 

St        '  O  8  C 
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replaced  by     <  E,a|T^,.  |F,b  >   . 


5»       Three-dimensional  scatt.eiT.ng  problem 
In  this  case  H     and  H  are  given  by 


(5.1)  H^     -     -V^ 


(5.2)  H     -     -V^  +   V(x)    . 


The  eieenf\inctions  of  H     are 

"=  o 


(5.3)  Tjjlk)    .        Ij    e^^-^ 

{2ny' 


and  the  appropriate  Green's  functions  are 

re  M  a°^t,    ,    K  1      e^'^l'x-x'l 

(5.U)  0^     (x|x  )  '  -j^    ■ F—  , 

x-x 


4  t  -I      ^-i  lit  I  |x-x   I 

(5.5)  of(,|x',    .    -^=_lj^. 


/r    ^\  «B/     I     '\  1  COSlkllx-X     I 

2 

In  (5.ii)-(5.6),  E  -    |k|    •     Again  we  shall  express  our  results  in  terms  of  the 

momentum  representation.     The  appropriate  eigenfvinctions  in  terms  of  this  repre- 
sentation are 


/r-    ^\  «    /     1,   V  1  i(K»x) 

(5.7)  Vxlk)     -    -—JJ2^  '—' 


(2ii)- 


(5.8)  Y  (x|k)     -     --±^e^(^^^   -  ^     r      .        .  V(x  )T  (X    |k)dx   , 

(2n)  J  |x-x    I 

<5-'>  V5IS)     •     -^'''^-^'-fe     ^°-|SllWlv(x')Vx'|K)dx'. 
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The  function    <  E,a|T    |E,a    >    can  be  expressed  in  terms  of  the  amplitude  of  the 
spherical  wave  obtained  hj  letting    |x|   ->oo  in  T_(x|k): 


1  1  If 'T 

(5.10)  lim        T  (x|k)  -    — ±,^e^^i^ 
|xl-^oo      -  (27T)^/^ 

^    e^'~'l^l    .  •  -1/2  >      ' 

-V^       [^[|t^|      (sinSsin©   )  ^^\<  E,9   ,??    |T_|£,©,^  >^    . 

The  variables  6,  ^  are  now  the  degeneracy  variables  previously  collectively  de- 
noted by  a.     In  fact  in  (3.6)  we  have 

(5.10a)        |k|   «=  V^  ;    G  is  the  angle  which  k  makes  with  the  z-axis  and  <jf  is 

the  angle  which  the  projection  of  K  in  the  x-y-plane 
makes  with  the  x-axisj  ©  ,  0     are  the  corresponding 
angles  associated  with  the  vector  x« 

Similarly 

(5.11)  lim        T/x|k) ^    e^^-^ 

-  V^5-pq-rq~(sin©sine   )  ■^/^^<  E,Ti-©   ,«+<;   |T^lE,©,9  >^  , 


-'-^ "  ^^''^^'^^'y^^wm^'''''''^'^^' 


(5.12)  lim       T  (x|"''   -  "         --ft  -3-    /  "  -^   _  fc^r,cc.^«Q    \-^/^ 

|x|->co  ^  " 


J   ^<  E,e',gf'|TjE,©,9>,e^l^"^l 

+  ^<  E,n-e',iT+9('|Tg|F,©,9i  >,e"^l^"5'    I    . 

In  (5.11),   (5.12)  we  also  use   (5.10a).     The  variational  expression  for 
^<  E,alT_|E,b  >^   is 
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^<E,0',0'|T.|£.©,9'  ^0    ■  "¥■  (8in©sin0')^ni>  J    I   T*^(x|k'), 


♦  <  E,e',/|T  .|E,©,(2>   , 


Ik-  |->|k 
(5.13) 

.  I-    V      +    Vfx)-k    It      CTrllfVYL*    <r   Tr.Q'nf'l-^        \^,'^,f  " 

where  ^<  E,©  ,9f  |T_^|E,©,^  >^  approximates  ^<  E,e  ,gr  |T_|E,e,;2  >^    ^^  ^  t  ^^® 
the  same  asymptotic  form  as  (5.10)  and  (5.11)  for  Y   with  <  F,e',^'(T  |F,9  ^f  > 
replaced  by  ^<  E,e ',(?  *  |T+t '^'^'^^  ^o*     ^"  (5.13)  we  have 

(5.13a)       '^  "  IJSl  »  ©»  ?(  •  polar  angles  of  kj 

"it  ^1 

©  ,5J  ■  polar  angles  of  k  , 

This  variational  principle  is  also  piven  in  a  somewhat  different  form  in  [l"! . 
The  variational  expression  for  <  E.alT  lE.b  >  is 

0    '  '  8  '  '    O 


^<E,e',{?'|Tg|E,9,(Z>^ 


S  -1*1  (sinecin©')  lim     \       T*  (>5|k')|-  V^+V(x)-tc^lT  (x|k)dx 
(5.1U)  '^"^'*''  '  ^      '  ■-     ''   -^' 


where  the  trial  function  T  (x|k)  satisfies  the  boundary  condition  (5.12)  with 
^<  E,©',9f'  |TglE,©,9  >Q  replaced  by  ^<  E,©',?'  lTg^|E,©,p  >  . 


6 .   Scattering  of  an  electron  by  an  atom 

Let  the  eigenfunctions  of  the  atom  be  denoted  by  '/(y|n)  where  y^  designates 
the  internal  coordinates  of  the  atom  and  n  designates  the  state,  i.e.,  n  collec- 
tively denotes  the  eigenvalues  of  the  energy,  angular  momentum, etc.,  of  the  atom. 
These  eigenfunctions  are  to  be  so  chosen  that  they  satisfy  the  orthonoraality 
and  completeness  relations 
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(6.1)  J  /"(yjn)  ;j^yjn')  d^  -  6^. 

(6.2)  Yl    Al\^)l^(z\^)     -  6(irV). 


n 


^ere  6  ,  denotes  the  product  of  Dirac  and  Kronecker  6'«  associated  with  the 
nn' 

eigenvalues  of  energy  and  the  degeneracy  variables.  In  (6.2)  the  eummation  is 
to  be  interpreted  as  integration  over  continuous  values. 
We  have 

(6.3)  H      -     -  V^     +     H^*^   , 


(6.U)  H    -    H^  +  V(3S,  x), 

(a) 

where  H         is  the  Haaiitonian  of  the  atom,  and  V(x,jr^)  is  the  interaction  be- 
tween  the  electron  and  the  atom.     The  coordinates  x  are  the  coordinates  of  the 
electron.  We  have  then 

(6.5)  \(y^.l\^,^)     •    7-7577    •^-•-/(i!n) 

(2n)^' 

where  x  represents  the  coordinates  of  the  particles  which  is  being  scattered. 
The  various  Green's  functions  have  the  following  forms: 

(6.6)  G°^^x,y|x',5r')  '-k    ^    "        |,^(^^        l^(xlnWln), 

-iVE^,!x-x'| 

(6.7)  G^"(x,y|x;,x')  '    '^    r   ' — r ^l\n)Az\^)> 


t      I  n  cos  VE-E^,  |x-x    I  ,      -      I    I 

(6.8)  Q^^x,^|x',x  )     -    -^    E    r^ ^(X|n)7^(X  I"). 

^       n'  x-x 

I  A*      I*       1 

In  (6.6)-(6.b),  E  is  the  energy  associated  with  the  atomic  state  Do 

The  various  eigenfunctions  of  the  total  Hamiltonian  satisfy  the  integral 
equations 
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+    Gg"  ^^'?'^  »?  ^^^^  '?;  ^%^^  »^  l^.")dx  d^  , 


(6.10)  f/^        ,,.,.. 


+ 


The  variable  E  occuring  in  (6.9)  and  (6.10)  is  given  by 

(6.11)  E  -  |k|^  +  E^  . 

t  t 

In  the  general  expression    <  E,a|T_|E,a  >     the  variables  a,   a     are  replaced 

by  the   quantum  number  giving  the  state  of  the  atom  and  the  polar  angles  of  the 

momentum  of  the  electron.     This  quantity  can  be  obtained  from  the  asymptotic 

form  of  T  (x,^|k,n)  as   |x|   -i>-oo; 

|x|^oo  {2i\y' 

(6.12)  -  (^y)^/^(sinesin©')-^/^  ^I H?     i'^Z\^' ) 

^<  E,o',gf',n'|T.|E,6,9',n  >^    . 

In  (6.12)  ©  ,  p     are  the  polar  angles  of  xj  ©,  g(  are  those  of  k.     Also    |k    ,|   is 
defined  by 

(6.12a)  Ik^,!^     ^     g^^     .     g  .    |j^,2     ^     ^  ^ 

(6.12b)  k    s  k  . 

Likewiee 
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ik.x 
g  >,   ~/ 


lim         T,(x,?|k,n)  .-^-2^/(y|n) 
(6.13)  1^1  n.      |x||R^,l^/2 


|x|^oo     «  (2h)3/^ 

1  1 


"  ^51Fr^     (sinesin©')     ^^   /(y|n') 


n' 


(6.1U)  I    |x||k  ,1 


XT?    o'^  ^»®  »^  »"    |Tg|E,©,<?,n  >j 


♦ 


1— -^^<  E,«-©',n*9',n'|TjE,©,9',n>      V    , 


where  k   .,  ©',0',  k  are  defined  in  (6.12a).     The  first  of  the  two  variational 
principles  for  thi§  problem  is 

<  E,e',0',„'|T   |E,9,(,,n  >    .-      (|MH!.>tn»-^"^'''^' 


•    lim 

E'->E 
(6.±5) 


<t^^'?t^'*"'^[^-|^'^-^n]  ^t(^»^l^'"^^^X 


1      I      I 


+  ^<  E,©   ,i?   ,n    |T_^|E,©,(2,n  >     . 

in  (6.15)  we  have 

E    -     |k|^  +  E„  ; 

(6.15a)  ^'-     l^^'l'*^n.    ^ 

©,?)  are  polar  angles  of  kj 

©  ,^  are  polar  angles  of  k  •,  when  F  •=  F,  then  Ik  |  •=  Ik  ,1,  . 
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The  functions  T^^  have  the  asymptotic  form  (6.12)  and  (6.13)  with  T  replaced 
by  T  .  The  second  variational  principle  is 


lim 
(6.16)      '  E'->E 


t 


<t(5>yJi^'»"'^|^-|^-l^-En]^t^^'Xl^>°)d$'^ 


+  <  E,6',(2',n'|T  .  |E,»,?),n  >  , 


where  T  ^  has  the  form  (6.1u)  but  where   T„  is  replaced  by  T„.  .     Also,   (6.15a) 

8t  S  8V> 

holds  for  (6.16). 


?•       Operators  used  in  scattering  theory 

It  will  be  convenient  to  prove  the  variational  principle  in  terms  of  operators. 
Hence  we  shall  summarize  properties  of  operators  useful  in  scattering  theory.     The 
details  are  given  in    [)a] , 

As  before,  let  us  assume  H     has  a  purely  continuous  spectrum  and  H  ■  H     +7 
has  a  spectrum  which  coincides  with  that  of  H  ;  H  may  also  have  bound  states.     As 
before,  the  eigenvectors  of  H     corresponding  to  the  eigenvalues  E  and  degeneracy 
variable  a  is  given  by   |E,a  >  .     The  corresponding  eigenvector  of  H  is  designated 
by   |E,a  >. 

Let  us  introduce  the  operator  U  defined  by 

(7.1)  |E,a  >     '     U|E,a  >^, 

All  possible  operators  U  satisfy  the  equations 

(7.2)  HU  -  L'H   -0 

o 

or  equivalently 

(7.2a)        U  -  L  +  j  jr^  VU  5(E-H^)  dF , 
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where  L  is  an  arbitrary  operator  which  commutes  with  H  • 

p 
In  (7.2)  the  operators  ^-  „-  and  6(S-H^)  appear.  In  accordance  with  the 

C>~n_  O 

O 

usual  convention,  we  define  any  function  f(H  )  of  the  single  operator  H  by 

(7.3)         f(H^)  |E,a  >^  -  f(E)|E,a  >^  . 

p 
The  operators      and  6(E-H  )  are  also  defined  in  this  way, where  the  symbol  P 

t— H  O 

O 

means  that  the  Cauchy  principal  part  of  the  integral  is  to  be  taken  in  integrals 

p 
over  the  variable  E.  Some  useful  properties  of  ■  •  ■ '  and  6(E-H  )  are 

o 


(7.5)  (E-H^)  5(E-H^j)  -  0, 


(7.6)         6(E-FI  )f(E)  .  5(E-H  )f(H  )  -  f(H  )5(E-H  ),  for  any  function  f(E), 


and 


(7.7)  6(E-H^)dE  -  I. 

The  incoming  and  outgoing  eigenfunctions  |E,a  >  and  the  corresponding 
operators  U  given  by 

(7.8)  |E,a>_^  -  U^  |E,a  >^ 
are  defined  by  the  requirements 

(7.9)  lim   e  °  e'^'^^  |E,a  >_  -  |E,a  >^    . 

t->-GO 

The  equivalent  requirement  on  U_  is 

iH  t         -iH  t 
(7.9a)  lin      e     °    U^e       °     -  I, 

t   -t>-CD 
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while  for    |E,a  >  ,  U       we  have,  also  by  definition, 

(7.10)         lira      e     °     e     '^^   |E,a  >^     -     |E,a  >  , 
t->+oo  ° 


iH  t         -iH  t 
(7.iOa)        liB,      e     °    U  e       °       -     I. 

t   -i»+00  * 


It  can  be  shown  that  L  must  be  so  chosen  that  U  satisfies  the  equation 


(7.11)    U^  -  I  + 


Y  (E-Hq)7U  6(E-HQ)dE  -  I  + 


Y^(E-H^)T^6(E-H^)dE, 


where 

(7.12) 


T^  =■  W 


and 
(7.13) 


Y^(E-H^)  .  ±  i  n6(E-H^)  *   g-^  . 

0 


The  scattering  operator  S  and  its  inverse  S'     are  defined  by 

iH  t         -iH  t 
(7.1U)  lim       e     °    D  e       °       =     S, 

t->+oo 


(7.15) 


iH  t         -iH^t 
liir.         e  U^e 

t->-oo 


s-^ 


from  which  it  can  be  shown  that 

/ 


(7.16) 


S     -     I  -  2iTi 


6(E-Hp)   T_5(E-I^')dE 


/ 


(7.16a)  e'^  '  1  *  2ni       5(E-Hq)T^5(E-Hq)  dE     -     S*  . 


Equation  (7.2a)  for  a  general  operator  U  can  also  be  written 


(7»17)        U  -  \  +   Y^  (E-Hjj)T  6(E-H^)  dE , 
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where 

(7.18)  T     -     VU, 

(7.19)  M^  -  L  »  i  n  6(E-Kq)T  5(E-Hq)  dE. 

In  (7.6)  the   scattering  operator  was  expressed  in  terms  of  T_  or  equivalently 
U  •     It  can  also  be  aKpressed  in  terms  of  the  general  operator  U,  namely  as 

(7.20)  S     -     M^  M^"^  . 

The  reactance  operator  is  best  motivated  by  choosing  M  in  such  a  way  that  S  aa 
given  by  (7 .20)  has  a  simple  expression.  Let  us  define  the  reactance  operator  K 
by  the  requirement  that 


(7.21) 


Hence 


M_^  -  I  -  i  nK 


M   -  I  +  i  «K  . 


(7.20a)       S  •  (.1  -  inK)(I  +  inK)'''". 

Since  S  is  unitary,  K  must  be  Hermitian.  Choosing  M  in  accordance  with  (7.21) 
means  that  we  have  specified  L  and  hence  D.  We  shall  use  the  subscript  s  to  de- 
signate the  operator  U  and  T  so  chosen. 
From  (7.19)  we  have 

(7.22)  M  +  M  -  2L,       M^  -  M  «  -2in   5(E-H  )T  6(E-H  )dE   , 

While  from  (7.21) 

(7.23)  M^  +  M_  -  21,       M^  -  M_  -  -2niK. 
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Hence 


/ 
(7.2U)  L    -     I,  K     - 

/ 


5(E-fl^)T„  6(E-H  )   dE 
OS  0 


To  summarize: 

(7.25)  K     -  6(E-HQ)Tg  5(E-HQ)dE, 

where 

(7.26)  T       -     VU. 

(7.27)  U^  -     ^    J  ^  VU36(E-H^)dE  -  I  .  j  g^  T^6{E-E^)dE. 

One  could  evaluate  K,  for  example,  by  obtaining  U  by  iteration,  and  sub- 
stituting  into  (7.25).  This  procedure  is  an  expansion  in  terns  of  Born  approxi- 
nations.  It  should  be  noted  that  =^  is  Hermitian.  Hence  IE, a  >  -  U  lE.a  > 

^'~"q  8  S '     *        0 

is  characterized  by  a  Hermitian  Green's  function. 
The  analoguas  to  (7.9a)  and  (7.11*)  are 


iH  t       -iH^t 

(7.28)         lijn       e     °  D  e  -  I  >  inK  -  I  +  in 

s 
t->-oo 


6(E-H^)T35(E-Hjj)dE, 


iH  t       -iH  t  /  ,  ^ 

(7.29)         llJB         e     °  D  e       °     -  I  -  It*  -  I  -  in       5(E-H^)T/(E-H^)dE. 


s 

t   -*»+00 


8.       The  variational  principles  in  operator  fori 

We  shall  now  state  the  variational  principles  in  operator  form.     The  result* 
can  be  translated  immediately  into  the  x-representations  as  given  earlier.     We 
shall  prove  the  principles  for  the  reactance  operator.     The  proof  of  the  variational 

principles  for  the  scattering  operator  is  similar  and  has  already  been  given 
in  [2], 
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Let  us  define  the  operator  R(T  . )  by 


(8.1)  R(T   .)  «  lira 


5(E.v-H^)W*^(HW_^-W_^H^)5(E-H^)dE 


♦    I   5(E-Hq)T_^  5(E-H^)dE, 


where  the  asterisk  means  the  Hermitian  adjoint.     The  operator  T  .    is  a  trial 
operator  which  approximates  T^,and  W^     and  W  .    are  trial  operators    irtiich  are 

to  approximate  U     and  U     respectively  and  are  chosen  to  satisfy  the  time- 
conditions 


/ 


(8.2)^ 


iH  t  -iH  t 

lim      e     °    W_^  e  -     I, 

t->-oo 


iH  t  -iH  t 

lim       e     °    W_^  e       °     -     I  -  2ni 

t-«'+00 


6(E-H„)T  . 6(E-H^)dE 

O       •  Xf  o 


and 


f 


(8.3)    4 


iH  t  -iH  t 

lim       e  We  ■     I 

t->+oo 


iH  t  -iH  t 

lim      e°W^e      °-I  +  2id|  5(E-H  )T  .  5(E-H„)dE. 
+t  o     +t  o 

t->-00 


Note  that  W_^  and  W^^  satisfy  the  same  asymptotic  time  conditions  as  U  and  U 
[cf.  (7.1ii),  (7.15)3  with  T  .  replaced  by  T  . 
Our  theorem  is  that 

(8.U)     R(T^)  •    5(E-H^)T_6(E-H^)dE  -  ^   fs-l]  • 

Furthermore,  the  first  variations  of  R(T  . )  due  to  variations  of  T  .  about  T 
vanish.  Hence 


(8.5)      6(E-H^)  T_  6(E-Hjj)  -  R(T^^)  ,    when  T^^  -  T^ 
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The  principle  (8.U)  reduces  to  (2,12)  on  writing 

(8.6)         T^^(x|S,a)  -  <  x|W^^lE,a  >^  . 

The  conditions  (8.2)  and  (8.3)  which  W  .  are  required  to  satisfy  are  completelj 
equivalent  to  the  conditions  that  W  be  written  as 


/ 


(8.7)        ^+t  '  ^  * 


} 


Y±(E-Ho)  T^t  6(E-Ho^^^  • 


The  boundary  conditions  which  T  (5JE,a)  are  required  to  satisfy  in  the 
various  special  cases  above  «ay  be  inferred  from  (8,7 )• 

One  may  always  think  of  the  trial  operators  T  .  as  having  the  for« 

in  analogy  to  (7,12)}  now  U  .  nay  be  considered  to  be  the  trial  operators.  Then 

it 

one  cSiTi  show 
(8.9)  R(T^^)     -       5(E-Hjj)A  5(E-HQ)dE 

where 

A  -  V  +  VY,(E-Hg)VU_^  ♦  ^\^S^-\^^  '  ^It^-^^'^o^^+t 
(8-^0)  ♦  U*^^_(E-Hq)Vy.(E-Hq)VD_   . 

When  (8,9)  and  (8,10)  are  used,  the  variational  principle  (8,5)  takes  the  form 
(2, 111)  when  we  widte 

(8.11)        5f^^(x|E,a)  -  <x|U^^|E,a>j   . 

We  can  obtain  similar  results  for  the  reactance  matrix,   we  shall  now 
carry  out  the  proofs  for  this  case. 
Let  us  define  R(T  .  )  as 
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(b.i2)         tt(T     )  .  li«     I    6(F-v.H^)W*^(HW^-W^^H^)5(E-H^)dE 

V-i»0  / 


6(E-Hg)Tg^  5(E-HQ)dE, 


where  T  .    approximates  T  ,and  V^is  required  to  satisfy  the  conditions 


(8.13) 


iH  t  -iK  t 

lim       e         W.e  "I  +  iti 

St 

t->-oo 


iH  t  -iH  t 


lim       e         W  ^  e 

St 

t->+oo 


I    -    iTT 


S(E-«o)Tst^(^-"o)^^ 


6{E-H^)T   .6(E-H^)dE. 


Hence  W  .  has  the  same  asymptotic  form  in  time  as  U  except  that  T  .  in  the 

St  8  St> 

former  operator  is  replaced  by  T  in  the  latter.  The  conditions  on  (8,13) 


are  equivalent  to 
(8.1U) 


W  .    -  I  + 
st 


gi^T^,  6(E-H^)dE, 


or 


(8.11ia) 


^t     ■     "s  M  fi^   A^s  6(E.H„)dE, 


where 


(8,llib) 


AT3     -     ^st  -  ^8   • 


We  shall  prove  R(T  . )  is   stationary  for  variations  of  T^^  about  T^,     Further  we 
shall  show 


(8.15) 


R(T.)      -     K 


6(E-H^,)  Tg  6(E-HQ)dE. 


Hence 
(8.16) 


if   I  5(E-H^)Tg5(i!.-H^)dE  -  Ut^^) y       when  T^^     ^     T^   . 
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Let  us  first  prove  (8.15).  When  T  .  -  T  ,  then  A  T„  -  0,  and  from  (B.iiia) 

*  But  then  HW  - 

in  (8. 12)  vanishes  and 

( 
5(E-I^)Tg6(E-HQ)dE  -  K, 


W  -  U   .     But  then  HW  -  WH^  -  HU„  -  U„H     •  0  fro«  {1,2),     Hence  the   integral 

8  O       0      S  O 


(8.17)        R(Tg) 


To 


J 

A 


show  that  R(T  .  )  is  stationary  about  T  .  ■  T  ,  let  us  writ* 

8Xi  SX)     8 


(8.18)        /\R  -  R(T^^)  -  R(Tg) 


Then  on  using  (S.lUa)  in  (8.12)  we  have  to  the  first  order  in  A  T 

*'  ■  •     s 
AR  -  ^^\   J   6(E.v-H^)  j   6(e'.H^)   /XT*  ^dE'(HU3-U3H^)6(E-H^)dE 

*  j   6(E-v-H^)U*    ^  I  gnr^     AT3  6(E'-H^)dE' 
-  j  ET^    A  TgSCE  -H„)dE     hJ   6(E-H^)dE    I 

*  5(l!'-H^)  A  T,  6(E-H  )dE. 


The  first  integral  vanishes  as  a  consequence  of  (7.2).     Let  us  denote  by  C  the 
integral 


C     -     lim       I   6(E.v.H^)U*   |h   j  -^  ^  T,  5(E'-H^)dE' 

^Tg  5(E'-Hg)dE'Hl   5(E-H^)dE. 


E'-H 
0 


V->0 
(8.20) 

On  using 


(8.21)  6(J-HQ)6(E-Hg)     -     6(e'-F)5(E-H^,) 


and 


W8  have 
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(8.22)        5(E-H^)Hq  •  E  6(E-H^), 


(8-23)        C  -  liM  I  6(E-V-H^)U*(H-E>  gip  ^  T^  6(E-HQ)dE. 


Bat 


o  o  o 


Hence,  since  D  V  •  T*,w8  have 


C  -  liB  ^  -  I  6(E-v-Hj,)Ug  ^Tg5(E-H^j)dE 


(8.2U) 


*  I  6(E.v-H^)t;  g^  a  Tg  5(E-H^)dE. 

o 

But  on  using  (7.2?)  for  U  in  the  first  integral  above  and  then  using  (b.i;i;  and 

8 

(3.22)  to  simplify  the  resulting  expressions,  we  see 
/ 


6(E-v-H  )  U*  A  T«  6(E-H  )dE 


(8.25) 


j  5(E-v-H^)  AT86(E-H^)dF  +  I  6(E-V-H^)T*  g^ /^Tg  5(E-H^)dE. 


Thus 

(8.26)  c  -  -  J  6(E-Hjj)  ^T^   6(E-HQ)dE. 
Hence,  ft-oa  (8.19),  (8.20)  and  (8.22) 

(8.27)  A.R  "  0 

to  first  order  in  ^  T  ,as  desired* 

The  variational  principle  (8.16)  reduces  to  (2.15)  in  terns  of  the  x- 
representation  when  we  write 
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(8.28)         T^^(x|E,a)     -     <  x|Wg^  lF,a  >^    . 

The   initial  and  final  conditions   (8,11)  lead  to  the  given  boundary  conditions 
required  on  T     (x|£,a)  for  the  various  special  case$. 

We  can  get  another  form  for  the  variational  principle  for  the  reactance 
operator  by  substituting  (8,lU)  into   (8.12),     We  have 


R(T     )  -  liBi    J    I    5(E-H  -v)(H-HQ)6(E-H^)dE 
V-e>0 


/ 


6(E-v-H^)[j  5(e'-H^)T*^  ^  dE'](H-H^)6(E-H^)dE 
+       5(E-v-HQ)m 


'^  »  fT^r  V^^'-Ho^^e' 


(8.29) 


ET^H-^st^^^'-^o^^'^ol  6(E-Ho)'^E 
o  ^ 


.    I   6(E.V.H^)[j  6(E'-HXtE4-"^^ 


'] 


[ 


H    |._£_Tg^  6(E     -H^)dE 


E     -H, 


-"  st 

E     -H^ 


♦       6(E-H^)  T^  5(E-HQ)dE. 


T,*   5(E 


-H^)dE     hJ 


5(E-HQ)dE 


Noting  that  H  -  H  -  V  and  using  (8.2l)  and  (8.22),  and  writing,  as  we  may 


(8.30) 


"^st  -  ^st' 


W9  obtain  finally, 
(8.31) 


R(T^) 


5(E-Hq)   a  5(E-Hp)  dE, 
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where 


(8.32) 


0  0  0 


O  0 


P  A  A 

Since  ^  ■„  •  is  Herraitian,  A  and  R  are  also  Hermitian  for  any  trial  operator  U  .  . 

o 
Hence  for  any  trial  operator  U  . ,  or  equivalently  T  . ,  the  reactance  operator 

K  will  be  approximated  by  the  Hermitian  operator  R» 

Using  R  in  the  form  (8.31)  and  A  given  by  (8.32),  we  obtain  the  variational 

principle  in  the  form  (2,l6)  ^rtien  we  write 

(8.33)  gf.(^|:i;,a)     -    <x|U.  |E,a>. 
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